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Abstract.

We present a theoretical investigation of wave dynamics in two-dimensional non-Hermitian P7 -symmetric
lattices, where onsite, as well as inter-site control couplings are employed. Our analysis shows that these cou-
plings can be tuned to achieve a direction-sensitive group velocity enhancement beyond what is possible in the
uncontrolled (Hermitian) counterpart, while ensuring that the wave packet evolution remains bounded and dy-
namically stable. We derive a dedicated relation between the control parameters, providing a systematic condi-
tion under which stability is guaranteed. We then study the topological properties of the non-Hermitian system
at hand, and use an experimental-ready topoelecric metamaterial platform to demonstrate the non-Hermitian
couplings realization, and the resulting wave dynamics. This framework paves the way to designing stable and

fast wave transport in planar non-Hermitian media.

INTRODUCTION

Parity-time (P7) symmetry is a notable property of non-
Hermitian systems — systems in which interaction and energy
exchange with the environment are permitted'>. When the
PT -symmetric phase is restored, the eigenstates merge within
the parameter space, and real eigenvalues arise even from non-
self-adjoint Hamiltonians. This property lead to distinctive
characteristics and topological structures, such as exceptional
points (EPs) and rings >=. As a result, remarkable features of
wave dynamics were enabled and demonstrated in metamate-
rials. In particular, P7 -symmetric metamaterials have been
demonstrated to support unidirectional invisibility, cloaking,
focusing, coherent absorption, sensing, and more® 2!, across
both quantum and classical domains.

To realize the functionalities enabled by non-Hermiticity in
general (and by P7T-symmetry in particular), the couplings
within the underlying structures need typically to incorpo-
rate either onsite gain or characteristics that defy conventional
classical interpretations, such as complex-valued parameters,
directional interactions, or absence of restoring forces2228,
Such coupling mechanisms often necessitate the injection of
external energy, often facilitated by integrating active control
strategies into the system architecture. In electric circuit meta-
materials this can be implemented through direct feedback
devices—for instance, operational amplifiers>'°=2.0n other
platforms, such as acoustic or elastic metamaterials, the non-
Hermitian couplings are usually realized by electronic con-
trollers, which interpret and act upon real-time measurements
of the system’s dynamic behavior?3-33-37,

In this work, we exploit the P7T-symmetry property
for the enhancement of wave propagation velocity in two-
dimensional lattice-based elastic metamaterials. This ap-
proach has been considered in photonic lattices*®* by intro-
ducing gain and loss, combined with lattice stretching along
one axis. As a result, the EPs were lifted up, leading to a
steeper slope of the Dirac cones, and thus to higher group ve-
locities. An equivalent model in classical one-dimensional
systems has been recently proposed and realized in active
topoelectrical and acoustic metamaterials*>*'. Therein, a ded-
icated relation between the control parameters was designed
to keep the underlying system dynamically stable for the

higher velocities. Motivated by that model, here we design
a stable and directional group velocity enhancement mecha-
nism in two-dimensional classical lattices, thereby facing the
complexity imposed by directionality. In particular, the mech-
anism enables a full control of the wave propagation veloc-
ity in a preferred direction without disturbing the dynamics in
other directions. Our results are valid for any dynamics that
is second order in time, where our demonstration testbed is a
two-dimensional topoelectric metamaterial.

RESULTS

Modeling, dispersion analysis, and group velocity en-
hancement.

We consider the model in Fig. 1(a). The Hermitian base is
a graphene-shaped lattice of the constant a, comprising iden-
tical “atoms” (circles), which are connected to their nearest
neighbors by identical elements (bars). The atoms and the
connecting elements can represent, for example, masses and
springs in a mechanical lattice, or capacitors and inductors in
an electric circuit lattice (dubbed a topoelectrical metamate-
rial and used in Fig. 5 for dynamical demonstration). In the
non-Hermitian setting, the lattice sites are subjected to an in-
terlacing gain-loss pattern of strength ~y (dividing the circles
into black and gray). In addition, the connections in the y
direction are scaled by 7 (red bars). Assuming that the sites
have a single degree of freedom wu, the equations of motion at
the A and B sites take the form
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where )y = w/wy, and wy is the characteristic frequency. In
the dynamical equations (1) we model the gain and loss ef-
fect in the transient instead of the steady-state regime, i.e. by
explicitly representing it by the on-site rates +~yu rather than
by the commonly used in quantum lattices iyu (we employ
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FIG. 1. (a) The lattice model schematic. (b) The first Brillouin zone of the Hermitian (gray hexagon) and the non-Hermitian P77 -symmetric
lattice (red parallelogram). (c)-(h) Dispersion surfaces: the nominal Hermitian case for n = 1 and v = 0 (c), the unbalanced non-Hermitian
case, real and imaginary (2 = Qg + i€2;), with six triangular exceptional rings for » = 1 and v = 0.6 (d), the marginal Hermitian case for
n = 2 and v = 0 (e), the gapped Hermitian case for n = 2.5 and v = 0 (f), the unbalanced non-Hermitian case, real and imaginary, with four
elliptic exceptional rings for n = 2.5 and v = 0.6 (g), and the non-Hermitian P77 -symmetric case for n = 2.5 and v = 0.236 (h). For (c),

(e), (f), and (h) the imaginary spectrum is zero.

the complex-valued notation for illustration purposes only in
Fig. 1). This turns out crucial for our approach to a stable
group velocity increase. To obtain the dispersion of the peri-
odic system, we substitute in Eq. (1) the Bloch wave solution
u(t) = e*re %y, where u = [w* @P ] is the respective
amplitudes vector, and r = mae; + naes is the real space
vector in terms of the lattice principal axes & = (1,0) and

€y = (%, ?) The wavevector k = k;b; + ksbs can be then

defined in terms of the inverse space axes by = 2%(1, —%)

and by = 27(0, %), as depicted in Fig. 1(a). The disper-

sion relation is captured by the quadratic eigenvalue problem
|Q%1 — Qivo. — Ho — (2 + n)I| = 0, where

HO:{fgtﬂ’ f==(+emtgnetn), @)

and o, is a Pauli matrix. We then define the equivalent linear
eigenvalue problem |QI — #H| = 0 in terms of the augmented
effective Hamiltonian

0 I
7'[_(7i0+(2+n)1 i’yaz>' @)

The resulting dispersion relation then takes the form

Q=1/12+n -7+ 15, )
where
5=~ =42+ +4ff1. (5)

For the nominal Hermitian case, where v = 0 and np = 1, the
spectrum in Eq. (4) is purely real, as depicted in Fig. 1(c). The
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FIG. 2. Group velocity increase analysis. (a), (b) The dispersion relations and the associated group velocities along the y axis, for the PT -
symmetric systems with v,¢ = 0 (n = 2), ypr = 1.74 (n = 7), and v+ = 2.90 (n = 12), and the corresponding -y obtained from Eq. (6), on
top of the nominal Hermitian system with v = 0 and = 1. The red crosses indicate numerical data obtained from the spacetime simulations
of Fig. 4. (c), (d) The same along the x axis. The black curves in panels (a) and (b) respectively represent {22 and vgy2 from Eq. (7).

two dispersion surfaces are the standard for graphene, touch-
ing at the Dirac-like points at K = 22 (1, %), K' = 27(0,2),
and their counterparts by the first Brillouin zone — the gray
hexagon in Fig. 1(b).

We then begin to vary + and 7, where each of these pa-
rameters changes the dispersion surfaces in a different way.
Keeping n = 1 and increasing only ~, the system turns non-
Hermitian in a broken P7 -symmetry phase, and imaginary
spectrum emerges, as illustrated in Fig. 1(d). The exceptional
rings that are formed in the merged surfaces of the real spec-
trum are of a triangular shape rather than the circular shape
expected for the equivalent quantum system™>3%. This is due
to the quadratic form of the eigenvalue problem of the clas-
sical system in hand. The system then becomes dynamically
unstable, and the associated time response is divergent.

When 7 is kept zero, and 7 is increased from 1 to 2, the
system resumes Hermiticity, but the K point at the Brillouin
zone and its mirror by the y axis start to move towards each
other along the x axis until they are merged for n = 2. The
resulting Brillouin zone then transitions from a hexagon to a
parallelogram, as illustrated in Fig. 1(b). The resulting spec-
trum, still purely real, is depicted in Fig. 1(e). The dispersion
surfaces are now touching at four points instead of six, located
at K, = 22(0,1), M' = 22(0, %), and their respective re-
flections through the = and y axes. The new points are of
the semi Dirac type*?, which is determined by the quadratic
dependency for &, and linear dependency for k,. Increasing
7 further keeps the spectrum real, but creates a gap between
the surfaces, as evident from Fig. 1(f). If, in addition, 7 is in-

creased above the zero, the system turns again non-Hermitian,
with imaginary spectrum appearing, Fig. 1(g). However, the
exceptional rings, centered at the four vertices of the parallel-
ogram, are then of an elliptic shape.

To stabilize the system while keeping it non-Hermitian, the
spectrum in Eq. (4) needs to be real with nonzero . We thus
require that § in Eq. (5), as well as the argument of the square
root in Eq. (4), are non-negative for all k. Therefore,  needs
to be evaluated at its minimum, which occurs for k;a = 0 and
kya = =, and renders ffT = n? + 4(1 — n). The balancing
~ — n condition with minimal value of ~y that solves dpin = 0
in Eq. (5), and thus restores the P77 -symmetric phase, then
reads

fypt:\/i(\/ﬁ—ﬁ). ©)
The spectrum of this non-Hermitian system is then restored
to be purely real, as depicted in Fig. 1(h). The square root
dependence of v on 7 in Eq. (6) is different from analogous
dependence in quantum systems, for example, in photonic lat-
tices, between the gain-loss parameter and the lattice stretch-
ing®®%_ In the latter, the P77 -symmetry phase is restored for
Ypt = 1 — 2, which is a linear dependence. In classical sys-
tems, if the steady state regime of the gain-loss is assumed, it
is also possible to use a linear relation like this, but then the
underlying dynamics will remain unstable even for the seem-
ingly restored P7T -symmetry of the spectrum, as dynamical
stability is a property of the transient regime*’.

With Eq. (6) at hand, we now approach the group velocity
increase task. We calculate the dispersion relation of the P77 -



symmetric case in Fig. 1(g) for three values of n, 2, 7, and 12,
with the corresponding balancing values of + obtained from
Eq. (6). In Fig. 2(a)-(b) and (c)-(d) we plot the y and =
cross-sections, respectively, of the resulting dispersion, on top
of the nominal Hermitian case n = 1 and v = 0, as well as
the corresponding group velocities, all trimmed at %7’1’. The
highest group velocity increase is obtained along the y axis,
which is the 7 coupling direction.

It can be observed that the velocity increase over the Her-
mitian system for a given 7 value is higher along the y axis
(Fig. 2(b)) than along the z axis (Fig. 2(d)) for all the mo-
menta. For example, at (kg, k) = (0,0.67), for v,, = 1.74
(n = 7) we have v,,, = 0.76 (not ticked), which is 1.38 times
higher than the Hermitian vy, = 0.55 for v,; = 0 (n = 2),
and 1.73 times higher than the nominal Hermitian vy, = 0.44
(not ticked). Accordingly, at (k;, k,) = (0.67,0), we have
Vgz = 0.48 for v, = 1.74, which is 1.09 of increase over the
Hermitian 1 < 7 < 2. Similarly, for v = 2.90 (1 = 12), vy,
is 1.58 times higher, with vy, = 0.87, than the velocity of the
Hermitian system of y,; = 0 ( = 2), and is compared to the
respective vy, = 0.56. In particular, the increase of the group
velocity in the y direction in the non-Hermitian system, vy,
compared to the Hermitian one for the stretched BZ— the red
parallelogram in Fig. 1(a), vg4y2, has a square root dependency
on the parameter ,;, given by

Vgy = Ugy2 \/ %’th +1 (7)

for all k,, where vgyo = g—%, and Qs = VV2v2v/ V2 — R

with § = \/ 1+ cos (@k@a), is the Hermitian dispersion

relation along k,, for v,; = 0 and n = 2.

Topological properties of the non-Hermitian system.

The various dispersion relations in Fig. 1 raise the inter-
est not only for group velocity increase, but also for possible
topological properties. In particular, the characterization of
degeneracies in systems with complex energies relies on the
topology of the complex energy dispersions. Around an ex-
ceptional point, the two levels exchange in the complex plane
along a closed loop, giving rise to a half-integer vorticity*>**
as a topological index. In contrast, in our case of various ex-
ceptional surfaces [see Figs. 1(c) and (g)], the characteriza-
tion is different due to their intricate structure. Inside these
exceptional surfaces, the P77 symmetry is broken, whereas it
is restored outside. When a loop is taken around an excep-
tional surface or an isolated exceptional point [see Fig. 1(h)],
because the loop lies entirely in real space, the two energy
levels do not exchange, resulting in a trivial zero vorticity.

To capture the underlying topology in this scenario, we
examine the eigenvectors, which become meaningful due to
biorthogonality. For a biorthogonal non-Hermitian system,
the Berry curvature for the nth band is defined as

F,(k) = Vi x A, (k), (8a)
A, (k) = i(tn (k)| Vic|un (k)), (8b)

(a)

0.1

0.1

FIG. 3. (a) Berry curvature distribution F'(kz, ky) according to Eq.
(8), inside and outside the exceptional surface, corresponding to the
dispersions shown in Figs. 1(f) and 1(g) in panel (b).

where |u,,) and |4, ) are the right and left eigenvectors of the
Hamiltonian, respectively, which satisfy the biorthogonal nor-
malization (@, |un) = Omn. The Berry curvature is gauge
invariant and encodes the underlying topological properties.
As shown in Fig. 3, its distribution clearly distinguishes the
unbroken and broken P7 -symmetric phases: inside the ex-
ceptional surface, where P77 symmetry is broken, the Berry
curvature F in Egs. (8) is finite, while outside, where P7T
symmetry is preserved, F' vanishes. This behavior of the
Berry curvature and the associated topological distinction are
unique to non-Hermitian systems and do not occur in Hermi-
tian systems*’. Thus, the exceptional surface acts as a bound-
ary separating regions of zero and nonzero Berry curvature,
highlighting a fundamentally non-Hermitian topology.

Time domain realization.

In this section we test the time domain performance of the
model derived in the previous section. We start from the
generic lattice model. Then, we design an experimental-ready
topoelectric metamaterial analogue, which is comprised of re-
alistic elements and subjected to voltage excitation, and test it
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FIG. 4. Time domain numerical simulations and group velocity increase demonstration for the generic lattice model in Fig. 1(a). (a)-(d)
Time domain wave packet propagation in the y direction of the P77 -symmetric lattice (normalized to €290 = 1). The initial distribution (a)
corresponding to k£ = 0.6, and the final response for the combinations vt = 0 (7 = 2), v = 1.74 (n = 7), and v, = 2.90 (n = 12),

depicted in (b), (c), and (d), respectively.

as well. Additionally, we test the robustness of our design to
uncertainty in the electric circuit elements values.

First, we numerically simulate the time domain response
along the y axis of the lattice governed by Eqgs. (1). By in-
voking the biorthogonality property of Bloch eigenvectors for
the non-Hermitian system at hand, we construct an initial con-
dition, which corresponds to the selected momentum in Fig.
2(a) for three different values of 7. Complimenting it by the
coordinated initial rates, and modulating by a Gaussian enve-
lope, yields a wavepacket that propagates along the positive y
direction only. The initial wavepacket is plotted in Fig. 4(a),
and the resulting time domain responses of the lattice, at the
same final time t¢, for n = 2, 7, and 12, are depicted in Fig.
4(b), (c), and (d), respectively. The dynamical stability of the
underlying non-Hermitian systems is manifested by the con-
stant amplitudes of the responses. The group velocities cal-
culated from these simulations are labeled by red crosses in
Fig. 2(b) on top of the analytic values, demonstrating decent
alignment.

Topoelectrical metamaterial model.

To pave the way for an experimental realization, we de-
sign a realistic topoelectric metamaterial model, the unit cell
of which is depicted in Fig. 5(a). This metamaterial realizes
the atoms and the connections between them of the general
lattice of Fig. 1(a) via capacitors Cy and inductors Ly, re-
spectively, leading to Qo = 1/+/LoCj. To realize the loss at

the B we use a resistor R, = %37—1_ To induce a corre-

sponding gain at the A site, we implement negative resistance
of —R,,. This is achieved by an active system captured by a
black cube, connected in parallel to the capacitor. It’s key el-
ement is operational amplifier, Fig. 5(b), supplied by constant
voltage, and assembled in a negative impedance converting
setup. Consequently, the amplifier features both forward and

backward current flow through identical resistors Ry, where
the backward flow is fed to the lattice through a Iz, resistor,
yielding negative effective resistance — 2, between the termi-
nals. The system is then governed by (1), with the onsite gain
and loss +.

Next we are interested to launch a unidirectional
wavepacket in the metamaterial, similarly to the lattice in Fig.
4. However, contrary to the lattice system, in the topoelectric
metamaterial we will not be able to employ initial conditions.
We therefore design a pattern for external voltage sources,
applied to the metamaterial nodes with a spatial modulation
by the Bloch eigenvectors of the system, which correspond to
the Hamiltonian in Eq. (3). This modulation, combined with
a Gaussian envelope, generates a tailored phase shift for the
voltage inputs, as

Vim () = Bome™ W) sin(krp m — Qt + dpm). (9)
Here, i1, = (Tpm —10)?/40? and py, = (t —1r()? /407 are the
spatial and temporal Gaussian modulations, with g represent-
ing the desired distribution center and 7, ,, are the distances
of the corresponding sites about this center. Bn_,nei%’m is
the eigenvector modulation. The voltage inputs locations are
depicted in Fig. 5(c). They are outlined by the Gaussian dis-
tribution component of (9) (this is for illustration purposes,
hence the values in panel (c) do not represent voltages at time
zero or any other time). We note that the intensity distribu-
tion in Eq. (9) is not necessary for the metamaterial excitation
per se, as it can be excited even at a single site (node). How-
ever, a single site excitation, or an uncoordinated excitation
of a few sites will cause a multidirectional propagation and a
strong spatial dispersion, which will make it difficult to track
the velocity increase.

The space-time response of the metamaterial to the voltage
input in Eq. (9), for example for n = 7 (v, = 1.74) and
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FIG. 5. Topoelectrical metamaterial realization. (a) The unit cell schematics. (b) An operational amplifier in a negative impedance converting
setup implementing the onsite gain element. (c) Voltage inputs location across a metamaterial of 12X10 hexagonal cells, depicted by Gaussian
modulation, according to Eq. (9) for k = 0.67. The circles represent the nodes A and B. The color map in this panel is not to scale. (d)
Snapshot of the space-time response of the non-Hermitian P7 -symmetric metamaterial for 7 = 7 and ~y,+ according to Eq. (6), for nominal
values of the electric circuit elements Co = 150 nF and Lo = 220 pH, and no resistance other than the controlled R,. (e) The same as in
panel (d), but with a disorder in Cp, and in Ry = 23 Ohm, which is an inherent element resistance, according to the diagram in panel (f).
(f) Disorder in the values of capacitance Cy and Ry, normalized by the nominal values. The color bar is relevant to panels (d) and (e), and

indicates Volts.

k = 0.67, is depicted in Fig. 5(d). The maximal voltage
level of the input is 1 V. The simulation is stopped before the
wavepacket hits the wall. Some dispersion can be observed,
as we tried to use the smallest number of sites as possible to
facilitate experimental realization. It is still possible though,
using the center of mass of the wavepacket, to measure the
group velocity in the y direction, which reads vy, /vgy2 =
1.38, compared to the theoretical 1.36, as expected from Eq.
(7) (the response for = 2, v,; = 0 is not shown in Fig. 5).
The color map indicates Volts.

Robustness to uncertainty in the metamaterial elements.

To complete the description of the metamaterial model as
an experimental-ready one, we test its performance under the
assumption of uncertainty in the values of the electric circuit
elements. Specifically, we simulate the metamaterial for the
capacitor Cy values randomly varying within 10% peak to
peak about the nominal value provided by the manufacturer.
In addition, we assume that the capacitors have an inherent
resistance Ry, varying as well within 10% peak to peak about
a nominal value.

The spacetime response of the resulting metamaterial for
1 = 7 (ypt = 1.74) to the same excitation as in Fig. 5(d) is
depicted in Fig. 5(e) (the color map indicates Volts). Although
the dispersion in this case is stronger, it can be observed qual-
itatively that the center of mass of the final wavepacket aligns
with the one in panel (d). Specifically, the measured group ve-
locity enhancement over the one obtained for n = 2, v,;, = 0
reads vy, /vgy2 = 1.26. This is quite close to the value ob-
tained in the case of panel (d), demonstrating the robustness
of the group velocity enhancement approach of Eqs. (6)-(7).

The disorder diagram is given in Fig. 5(f).

DISCUSSION

To summarize, we proposed a model for group veloc-
ity increase in two-dimensional hexagonal lattices, based
on concepts from P7T-symmetric non-Hermitian physics.
Specifically, we tailored the lattice couplings by two control
parameters— gain and loss +y at the sites, which turned the sys-
tem into non-Hermitian, as well as a coupling 1 between the
sites in the y direction only. With the ~y couplings alone the
system featured complex-valued spectrum, indicating dynam-
ical instability, and a consequent diverging time response. We
found that to stabilize the system, the gain and loss contribu-
tions v need to be addressed in the transient regime rather than
in steady-state. In the equations of motion this translated into
an explicit inclusion of the onsite rates £~y rather than the
complex-valued terms +ivyu that are commonly used in quan-
tum systems. This approach enabled us to derive the dedicated
nonlinear relation between ~ and 7 in Eq. (6), which elimi-
nated the imaginary spectrum by restoring the P7 -symmetry
phase, thus stabilizing the system, and in the same time sup-
porting a controlled increase of the group velocity.

The highest increase, compared to the Hermitian case, was
achieved in the y direction, and featured a square root depen-
dence on v, given by Eq. (7). The corresponding group veloc-
ity increase in the z axis direction is significantly smaller, as
can be seen in Fig. 4 of the revised manuscript. This property
enables one to fully control the wave propagation velocity in
a preferred direction without disturbing the dynamics in other



directions, implying a direction-sensitive controlled group ve-
locity enhancement in 2D systems.

The topology analysis of the underlying two-dimensional
non-Hermitian system revealed that inside the exceptional sur-
face, where P77 symmetry is broken, the Berry curvature F
from Eqgs. (8) remains finite. In contrast, outside the surface,
where P77 symmetry is preserved, F vanishes. Such a con-
trast in Berry curvature, and the resulting topological distinc-
tion, is a hallmark of non-Hermitian systems and has no coun-
terpart in Hermitian systems.

A numerical experiment in the time domain confirmed the
theoretical predictions. In particular, an equivalent topoelec-
tric metamaterial model was designed. It is composed of
interconnected inductors and capacitors forming the Hermi-
tian base layer, whereas the non-Hermitian control parame-
ters were realized by resistors for the loss, and active feed-
back amplifier circuits for the gain, as illustrated in Fig. 5.
This experimental-ready model is based on the dynamics of
realistic electric circuit elements, and is driven by an ex-
ternal voltage source using a signal generator. Using a co-
ordinated space-dependent and modulated by non-Hermitian
eigenvectors phase shift between the actuated metamaterial
sites, we managed to induce a unidirectional propagation of
the wavepacket, similarly to the generic model driven by ini-
tial conditions.

In addition, this model enables an explicit account for im-
perfections, such as losses due to electrical resistance, and/or
disorder due to variation in the nominal values of capacitance,
inductance, or resistance, provided by the manufacturer. In
the uncertainty analysis we found that despite an overall 10%
of variation in the elements values, as well as losses that are

inherent to the circuit and are not part of the gain-loss balance,
a substantial group velocity increase was still observed.

Our model can be further utilized for a fully-controllable
directional fast transport of waves on other platforms, such as
elastic or acoustic metamaterials.
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